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Abstract 

By examining in details the disk level S-matrix element of one massless RR and 
one NSNS states at order 0(a'^), we find the coupling of one RR and one NSNS 
fields on the world volume of a Dp-brane. The non-zero couplings involve the first 
derivative of the RR field strengths F^p^ , F^P'^'^^ and . We then fix the on- 

shell ambiguity of the couplings by requiring consistency with the linear T-duality 
transformations. Moreover, consistency with the non-linear T-duality requires that 
the RR field strength in the above couplings to be = dC where C = e^C. 
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1 Introduction and results 



The dynamics of the D-branes of type II superstring theories is well-approximated by the 
effective world-volume field theories which consist of the sum of Dirac-Born-Infeld (DBI) 
and Chern-Simons (CS) actions. The DBI action describes the dynamics of the brane in 
the presence of the NSNS background fields. For constant background fields it can be found 
by requiring the consistency with nonlinear T-duality [H |2] 

Sdbi = -T^ J (F+^x 6"^- det {Gab + B^b + 27ra'F,fe) (1) 

where Gab and Bah are the pulled back of the bulk fields G^j, and onto the world- volume 
of D-bran^. The curvature corrections to this action has been found in |3j by requiring 
consistency of the effective action with the 0(a'^) terms of the corresponding disk- level 
scattering amplitude [U |5]. The on-shell ambiguity of these couplings has been removed 
in [6] by requiring the consistency of the couplings with linear T-duality. Moreover, this 
consistency fixes the couplings of non-constant dilaton and B-field at the order 0(a'^) in 
the action which are reproduced by the corresponding disk level scattering amplitude. In 
particular, it has been found in [B] that the consistency with T-duality /S-matrix requires 
the non-constant dilaton appears in the string frame action only as the overall factor of 

The CS part on the other hand describes the coupling of D-branes to the RR fields. For 
constant background fields it is given by [3 |8] 

Scs = tJ e^C (2) 

where M^"*"^ represents the world volume of the Dp-brane, G is meant to represent a sum 
over all appropriate RR potential forms and the multiplication rule is the wedge product. 
The abelian gauge field can be added to the action as B ^ B + 2T[a'F. The curvature 
corrections to this action has been found by requiring that the chiral anomaly on the world 
volume of intersecting D-branes (I-brane) cancels with the anomalous variation of the CS 
action [9l [TOl [11] . This correction is 

where A{Rt,n) is the Dirac roof genus of the tangent and normal bundle curvatures respec- 
tively. 



\AiAn^a'Rr,) ~ + 3847r2 ^^'^^ ^'^^> ^ 



^Our index conversion is that the Greek letters (/i, i^, • • •) are the indices of the space-time coordinates, 
the Latin letters (a, d,c, ■ ■ •) are the world- volume indices and the letters fc, • ' ') ^re the normal bundle 
indices. 



1 



For totally-geodesic embeddings of world-volume in the ambient spacetime, Rt.tv are the 
pulled back curvature 2-forms of the tangent and normal bundles respectively (see the 
appendix in ref. [3] for more details). 

It has been pointed out in [12] that the anomalous CS couplings ([3]) must be incomplete 
for non-constant B-field as they are not compatible with T-duality. T-duality exchanges 
the components of the metric and the B-field whereas the couplings (jH]) includes only the 
curvature terms. Compatibility of this action with T-duality should give a bunch of new 
couplings [ini [H] . 

In this paper we would like to show that for non-constant RR and NSNS fields there are 
other contribution to the action at order 0{a'^) which may not arise from requiring the 
consistency of the action Q with T-duality. These terms which involve linear NSNS field 
can be found by studying the S-matrix element of one RR and one NSNS vertex operators 
[?] and by requiring them to be consistent with linear T-duality. We will find the following 
string frame couplings at order 0(q;'^): 

.9 ~ T f (]P+^xe"-°"'''p ( - fF-^^^ H '^''-If^p) .( H _ .'J^l 

,^rJ^p(p+2) ij 1 p(P+2) ^ij, 

p! 2! " p _|_ 1 "0---apj,« J 

^i^ir^'i ,k aH'^'A (5) 



3!(p -|- 1)! '^°-0--a.pjk,a 

where as usual commas denote partial differentiation. 

It has been shown in [6] that the compatibility of the curvature corrections to the DEI 
action with linear T-duality transformations requires the non-constant dilaton appears in 
the string frame action only through the overall factor of e'"^. This factor has been absorbed 
in the RR field so one expects that the dilaton appears in the above action only through 
the string frame metric. We will show that the coupling of one F^^'^^ and one dilaton in 
the Einstein frame which can be calculated by the S-matrix element, is reproduced exactly 
by transforming the couplings in the second line above to the Einstein frame. 

The couplings in have been found by the S-matrix element of one RR and one NSNS 
vertex operators and by T-duality. The S-matrix method produces the on-shell couplings 
and consistency of the couplings with linear T-duality then fixes the on-shell ambiguity of 
the couplings. Correction to this action can also be found by requiring it to be consistent 
with nonlinear T-duality transformations. We will consider one particular nonlinear term 
in the T-duality transformation of the RR field and then examine the consistency of (jS]) 
with it to find new couplings. The new couplings are given by the above action in which 
pin) jg replaced by J-'^'^^ where 
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+ ABA + ^BAHA + ^HABA C^""^) + • • • 

= (iC(") 

where C = e^C, is the RR potential in the CS action ([2]). 

An outhne of the paper is as follows: We begin the section 2 by writing the S-matrix 
element of one RR and one NSNS vertex operators. From the contact terms of this ampli- 
tude at order (a')^, we will find the on-shell couplings of one massless RR and two NSNS 
fields. In section 3, we review the T-duality transformations and the strategy for checking 
the consistency of a D-brane action with T-duality. In section 3.1, we check the consistency 
of the couplings found in section 2 with linear T-duality which fixes the on-shell ambiguity 
of the couplings. After fixing the on-shell ambiguity of the gravity couplings, we show that 
the dilaton appears in the action only through the string frame metric. In section 3.2, we 
check the consistency of the couplings (|5]) with nonlinear T-duality and show that the field 
strength in the action (jS]) should be given by (jH]). 



2 Scattering amplitudes 

A method for finding the couplings in effective field theory is the S-matrix method. The 
standard CS coupling (jj]) has been confirmed by the S-matrix method in e.g., [151 [16]. The 
couplings of NSNS and RR fluxes to various types of D-branes have been found in [T7] by 
evaluating disk amplitudes among two open string and one closed string vertex operators. 
To find the couplings of one RR and one NSNS states to Dp-brane, one needs the scattering 
amplitude of their corresponding vertex operators which is given by |1] 

A{e,,pi;e2,P2) = --T^a'^K (1,2)-. ^ / ^ ^ 



r(l - a't/A + a'q^) 
= ivai.2)(^ + ^H-0(««)) (7) 

where = Pip\riab is the momentum flowing along the world-volume of D-brane, and 
t = —{pi +^2)^ is the momentum transfer in the transverse direction. The kinematic factor 
is 

^(1,2) = t^TTiP^T,^^)M,ri-iPi+P2hni^2-D),, (8) 

-^^[Tr(P_ri(„)Mp7-D-4-D-p2) - Tr(P_ri(„)Mp7-£2-/^-P2) 

-Tr(P_ri(„)Mp7-D-p2)Tr(£2-I^)] 
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where the matrix is diagonal with +1 in the world volume directions and -1 in the 
transverse directions, and 



J- l(n) ^^ J^lui -u„ J J 

= (^W.a,7""---7"'' (9) 

where Fi is the linearized RR field strength n-form and e is the volume p + 1-form of the 
Dp-brane. In equation (|8]), P_ = |(1 — 711) is the chiral projection operator and £2 is the 
NS-NS polarization. The 711 in the chiral projection gives the magnetic couplings and 1 
gives the electric couplings. The first term in ([7]) produces the massless poles resulting 
from the order of the DBI and CS couplings on the D-brane, and the supergravity 
couplings in the bulk. The second term in ([7]) should produce (a')^ couplings of one RR 
and one NSNS on the D-brane in which we are interested. 

Using the identity Mp7^ = D^y^y^M^ |1] and the algebra {7'^,7'^} = —2//^'^, one can 
write the above kinematic factor for the electric couplings as 

K(l,2) = ^-^=Tr(ri(„)7'^Mp7-(pi + P2)7^)(^2)M. (10) 
• ^ [-Tr(ri(„)7-D-£2-/^-p2Mp) 



4^2 
1 

'2 



-Tr(ri(„)7^Mp7-D-p27")(D-£2-I) + 



One can easily check that the kinematic factor is zero for n < p — 2 and for n > p + 4. 
This factor is non-zero for n=p, n = p + 2 and for n = p + 4. Let us consider each case 
separately. 



2.1 n = p case 

For n = p case, one needs to perform the following traces: 

Tr(7'^i---7^''7V'---7''''7V) and Tr(7'^i ■ ■ ■ 7^''7V° " " " 7°'') (H) 
They make various contraction of the indices. The first one simplifies to 

_p^"ao^MMi^ai^ - pr/""»r/"i^r/'^'^^]p(p + l)Tr(7'^2 ■ ■ ■ -i^'^-i''^ ■ ■ ■ 7"'') (12) 
The second trace simplifies to 

Tr(7'^i ■ ■ ■ 7^f 7"7"o ■ ■ ■ 7'^'') = (-1) V'^'^^'^'pIp + l)Tr(7'^2 ■ ■ ■ ^^'^^''^ ■ ■ ■ 7"") (13) 
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and the trace Tr(7'^2 ■ ■ ■^'^p^y'^a ■ ■ .^'^p) causes the RR field strength to contract with the 
volume form e, i.e., Fi^^a-i-ap^-"'^'"""' ■ 

Using the above traces, one finds that the kinematic factor ( ITOi) for the graviton is 

K{1,2) 2^[Fi„,...,^(£2)ao>2a +pi^laa....a,(^2)ai>2ao]e""-"'' (14) 

Using the fact that the indices oq, ■ ■ ■ , ctp contracted with the totally antisymmetric e°'°"'°'^ 
tenser and the conservation of the momentum pia + P2a = 0, one can write 

pFlaa2---apP2ao = P PlaCla2---apP2ao 

= Flaoa2-apP2a (15) 

which makes the kinematic factor (1141) to be zero. For B-field, one finds the following 
non-zero result for the kinematic factor (flOll : 

^(1,2) ~ - h^^[2Fia,a2: api^2)aoiiPl + P2y - pFua2: api^2)aoaAPl + P2y] 

-^±F,,,,,...a^{E2)a,^I^^e'^''^--^ (16) 

As a check of the calculation, if one replaces the B-field polarization with {s2)^v — )• CtJL{.P2)v — 
Cv{p2)^i the kinematic factor vanishes, as expected from the Ward identity. 

To find the field theory couplings corresponding to the above momentum space contact 
terms, we use the following identities: 

Pla\---ap{,^2) aoa '^Flaa2-ap^^2) a^at 

Flai-ap{Pl)i = pFlia2-ap{Pl)ai (17) 

where we have used the fact that the indices ao, ■ ■ ■ , contracted with the totally antisym- 
metric e"o '"p tenser. Using these identities one can write the kinematic factor as 

ir(l,2) ^ (^ie2)aoaA-lprV-piFua2---apiP2y - Pl-N-p2F,aa2---apiP2r] 



+PvV-p,Fua2-ap{Pl)aAe2)a:) e""'"- (18) 

which satisfies the Ward identity. The couplings corresponding to the above terms are: 

( fjP+^j. .aoai -ap ( Tp{p) tj a,i _ p{p) tt i,a\ /iqN 

D! J y- ia2 - ap,a-^-^aoai ^ aa2—ap,t-^-^aoai J {^t^J 



T 



2\{p 
where 



H ^va ^fiUjO ~l~ Bqi^ i/ -\- Bufy^^ (20) 
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The other terms in ([7]) correspond to the higher derivative of the couphngs (fT9|) in which 
we are not interested in this paper. 



The last couphng in ( |T9l) has on-shell ambiguity. To see this we note that the index a 
in this term can be either oq or Oi. If a = oq, it can be written as —2FaQa2-ap,iHaai^'"'/p, 
and if a = ai, it can be written as —2Faj^a2-ap,iHaQa'"'/p- Interchanging oi -H- Oq in the 
latter expression and using the fact that it has the overall factor of the volume form, one 
can write it as the former expression. Hence, the last term in (fT9l) can be written as 
—2Faj^a2---ap,iHaQa'°' /p. Moreover, using the on-shell condition Hi.pa,^'^ = 0, one can write it 

as 2Fa^a2-ap,iHaoj''^ /P OT aS 

~ ~Fai---ap,i{HaQa ' ~ -^aoj '"') (21) 

We will fix the above on-shell ambiguity in section 3 by requiring the consistency of the 
coupling with the T-duality transformations. 



2.2 n = p + 2 case 

For n = p + 2 case, the traces in (flOj) simplify to 

Tr(7'^i ■ . .^Mp+2^M^ao . ..^p^^^Y) = {p+l)ip + 2)Tr{Y' ' ■ ■ -f''''+^ -f"' ■ ■ ■7"") x 

(^p _|_ ]^^(^^<^Mi^M2M^ao;^ _j_ ^afJ-i ^t^ao ^fJ-2f _j_ ^aao ^/iifj.^u/i2^-^ 

Tr(7'^^ ■ ■ .-yA'p+2^<^-)/«o . . = _^aMi^M2ao(^p _^ l){p + 2)Tr(7'^^ ■ ■ .^^^p+^Y^ . ..^p^ 

The trace Tr(7^^ ■ ■ ■ jt^p+^'j"-'^ ■ ■ .7"^) causes the RR field strength to contract with the vol- 
ume form as Fi^j^fj_^ai-ap^"'° '°'''- Inserting these traces in ffTOj) . one finds the kinematic factor 
for B-field becomes 

^(1, 2) ^^[-Fuao■■■ap{e2yaP2a + {p + l)i^Haa,...a, (^2)^P2ao]e'^"-"^ (22) 

Using the fact that the indices aQ,---,ap contract with the totally antisymmetric tensor 
e°-o - ap g^]^^ ^Yie conservation of the momentum pia + P2a = 0, one can write 

{p+l)Fuam-apP2ao^'' = Fuaoa^-apP2at (23) 

for any vector This makes the kinematic factor fl22l) to be zero. For the symmetric 
polarization, graviton or dilaton, one finds the kinematic factor ( fTOl) to be 

K{1,2) ~ (^^[F,,a,■■■ap{e2y^{Pl+P2r + (p + l)Fl^Mai...a, (^2)%, (pi + ^2)1 
+^^[2i^Hao...a,(£2)>2a " {p + l)Flaa,-ap{e2T aA] 

' Fuao-apPiiq' - 1^62)] e^'^^--^^ (24) 



iiao---ap/'2V'i 2 
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The last term is zero for graviton, but is has contribution to the dilaton amphtude. Using 
the identity (123!) . one can write the above equation for the graviton as 

-[(p _|_ X) / 

K{1,2) ~ ^ [Fljaa,---a,P2aoP2i£2yiP\-Pl-V-P2Flija,---a^{e2ya,P2 



+PrN-p2[Fuaa,-a,{e2Ta,p\ - ^Fuaa^-a^ie^T P2a^) e'^""'-"' (25) 

It satisfies the Ward identity. Using the identity 

Fljaai---apPliP2ao Fliaai---apPljP2ao Flijai---apPlaP2ao ; (^6) 

one finds that the field theory corresponding to the above amplitude is 

T r . /I 
p\ 

The Riemann tensor at the linear order in the graviton is 



T^^upx 2 (^/j-^ii'p ~^ hyp^^x h^p jyx hyX pp) (28) 

where we have considered perturbation around the fiat space where the metric takes the 
form G^y = rjf^i, + /i^^. The last term in the above amplitude has again on-shell ambiguity. 
We will show in section 3 that this term in the present form is not consistent with T-duality. 
However, it can be written in a T-dual invariant form using the on-shell conditions. 



The dilaton amplitude can be found from the amphtude (IMl) by using the following 
polarization: 

£^^u = -^{V^iu - ^^,Pu - ^uPfj,) ] i-p=l (29) 



where the auxiliary vector insures that the polarization satisfies the on-shell condition 
p-Si, = 0. One finds the dilaton amplitude to be 

K{1,2) ~ 'SP^(^p^.N.p,Fuao-apPl)e''^^--^- (30) 

The field theory corresponding to the above amplitude is 

iP_^ J ^P+l^ ,aoa..... (31) 

This coupling is zero for Ds-brane which is consistent with the fact that the world volume 
theory of Ds-brane is a conformal field theory. 
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2.3 n = p + 4: case 



For n = p + A case, one needs only the following trace: 

= {-iyr]''^'r]^^'^r]''^'^{p + 2){p + 3){p + 4)Tt{Y' ■ ■ ■ Y""'^!^" ■ ■ ■ Y') (32) 



One can easily check that the kinematic factor (JTOl) is zero for graviton, and for B-field it is 

K(l,2) ~ -^^Fu,kao■■■apie,y%e'^^'■■■'^ (33) 
which satisfies the Ward identity. The coupling corresponding to the above amplitude is 

-^P /" ^P+l^ ^ao---ap p(P+4) TTijk,a (oA\ 

3\{p+l)lJ ^ijkao-ap,a^ l-^^J 

Note that = H^i°-'^ when the indices i,j,k are totally antisymmetric, as in above 

equation. In the next section, we will examine that the consistency of the above couplings 
with T-duality. 



3 T-duality 

In this section we would like to study the transformation of the couplings that we have 
found in the previous section under the T-duality. We denote y the Killing direction along 
which the T-duality is going to be implemented. The full set of T-duality transformations 
has been found in [TBI tlSj 



^20 



^yy 



^yy 



Gyy 

^^y 
C 

KJyy 



G ^1/ G 



Gyy 



G fxyGl^y B^yBjyy 

Gyy 



BfiyGjyy Gp^yByy 



Gyy 



8 



rH — r'C"-!) — (n — 1 \ [M-i^lj/ I"]?/ 

^yy 

'^ix-uap — '^,ji-vaPy + ^'-'[ii---ua^P]y + ^) 7^ l-^^J 

(Jyy 

where /x, i/, a, /3 7^ ?/. In above transformation the metric is the string frame metric. If y is 
identified on a circle of radius i?, i.e., y y + 27iR, then after T-duality the radius becomes 
R = a' / R. The string coupling is also shifted as ^ = gy/a'/R. 

The strategy for finding T-duality invariant couplings is given in |6j. Let us review it 
here. Suppose we are implementing T-duality along a world volume direction of a Dp-brane 
denoted y. One should first separate the world-volume indices into y index and the world- 
volume indices which do not include y, and then apply the above T-duality transformations. 
The latter indices are complete world-volume indices of the T-dual Dp_i-brane. However, 
the y index in the T-dual theory which is a normal bundle index is not a complete index. 
On the other hand, the normal bundle indices of the original theory are not complete in the 
T-dual Dp_i-brane. They are not include y. In a T-duality invariant theory, the y indices 
must be combined with the incomplete normal bundle indices to give the complete normal 
bundle indices in the T-dual Dp_i-brane. If a theory is not invariant under the T-duality, 
one should then add new terms to it to have the complete indices in the T-dual theory. In 
this way one makes the theory to be T-duality invariant by adding new couplings. 

One may also implement T-duality along a transverse direction of a Dp-brane denoted 
y. In this case one must first separate the transverse indices to y and the transverse 
indices which do not include y, and then apply the above T-duality transformations. The 
latter indices are the complete transverse indices of the T-dual Dp+i-brane. However, the 
complete world-volume indices of the original Dp-brane are not the complete indices of the 
T-dual Dp+i-brane. They must include the y index to be complete. In a T-duality invariant 
theory, the y index which is a world- volume index in the T-dual theory must be combined 
with the incomplete world-volume indices of the T-dual Dp+i-brane to give the complete 
world-volume indices. 



3.1 Linear T-duality 

In this subsection we would like to study the consistency of the couplings with linear T- 
duality transformations. Assuming the NSNS and RR fields are small perturbations around 
the flat space, the T-duality transformations take the following linear form: 



1. 
-/ 
2 



^hyy., hyy ^yy 1 ^/j?/ ^ i^y 1 ^ i^-y ^i^yi ^i^f ^/ii^; B^y 
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Consistency of the curvature squared corrections to the DBI action under the above hnear 
T-duahty transformations has been examined in [6]. The consistency requires adding some 
iJ-squared terms to the DBI action which are also consistent with the corresponding S- 
matrix element. We are going to do similar calculation for the couplings that we have 
found in the previous section. 



We begin by studying the T-duality of the couplings in (fT9l) . Consider implementing 
T-duality along a world volume direction of the Dp-bran^. From the contraction with the 
world volume form, one of the indices 02, ■ ■ ■ , of the RR field strength or the indices oq, ai 
of the NSNS field strength in (fT9|) must include ?/, and so there are two cases to consider: 
First when y appears as an index on the RR field strength and second when y is an index 
in the NSNS field strength. In the former case, we note that there are p — 1 indices in the 
RR field strength which are contracted with the volume form. Each of these indices can be 
y. However, because of the totally antisymmetric property of the volume form and the RR 
field strength, they all are identical. So one can write (fT9|l as 

P j AP+^^ Mai - ap-iy ( -pip) tt a,i _ rpip) tt i,a\ /oyN 

2!(p — 2)!j y- ia2---ap^iy,a-^-^aoai aa2 - ap_is/,j-'-'aoai ) W J 

Note that the indices i, a appear as the derivative indices so nigher of them can be y. 
Moreover, because of the world volume form, none of the indices a^, - ■ ■ ap_i can be y. 
The transform of the above couplings under the linear T-duality f l36|) gives the following 
couplings for Dp_i-brane: 

IttJoi' / ^P^paoai-ap_i /r(P-l) rj a,i _ T^(p-1-] tt J,a 



2\{p-2)\ 

where we have also used the fact that Tp ~ 1/ Qs- Using the relation 2Tx\foi'Tp = Tp_i, one 
observes that the above couplings are exactly the couplings f|T9|) for Dp_i-brane. 

We will now check the case that the T-dual coordinate y is carried by the NSNS field 
strength. There are two possibilities for the NSNS field strength in ( IT9l) to carry the T- 
dual coordinate y, i.e., either or ai carries the index y. Since the two possibilities are 
identical, one can write f|T9|) as 



Note again that the indices i, a and oi, ■ ■ ■ , Op can not be y. The above couplings transform 
under linear T-duality to the following couplings of Dp_i-brane: 



— 1)1 J X^-'- ia2---apy,a'^ a,i aa2---apy,t'^ ai J K'^^J 



■^Thc couplings (1191) are consistent with the hnear T-duahty transformations (j36|) when implementing 
the T-duality along a transverse direction. 
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where we have used the assumption in T-duahty that all field are independent of the Killing 
direction y. The coordinate y in the T-dual theory is a transverse coordinate. Inspired by 
the above couplings, one may guess that the correct form of the couplings for Dp_i-brane 
are in fact, 



T 



IV. J \ ia2---a,pj,a ai ^-^ aa2 - apj.i ai J K^'-'J 



This is consistent with the couplings (!27|) that we have found from the S-matrix. 

The last term above is not consistent with the T-duality along the world volume direc- 
tion. To see this, consider the case that ai carries the index y. The world volume index a 
should be separated into y and a, which does not include the coordinate y. So the second 
term in (HOll can be written as 

_ 2rp_i r ,p ya2-ap ( p{P+l) j^i aj , Up+1) j^i yj\ / . . N 

{p — 1)\ J \^da2 -apj,i'^ y ^ -^ya2-apj,i'^ y J V^^) 

Under the linear T-duality it transforms to 



Tp-i 



J dF-'x t---p {FttXjy.H'''' - i-^rFS..apj,hyy''') (42) 



ip-l)\ 

The first term above, in particular, indicates that there must be the following coupling: 

" 2!(^ / ^'^'^ ^'-''F!CX^^.H^"'' (43) 

However, this coupling is not produced by the S-matrix element f l33|) . To fix this incon- 
sistency, we use the on-shell conditions to rewrite the second term in ( HOl) in a T-dual 
form. The index a in this term can be only ai so we can rewrite it as —'2Fj^^^^}.^^j^{R^a"'^/p- 
Moreover, using the on-shell conditions, one can write the curvature as TZ^^ where 



7^,, = ^(7^,/, -7^,fc*^,) (44) 



It does not have ai index anymore to produce inconsistency with T-duality. It has been 
shown in [H] that it is invariant under linear T-duality transformations fl36p when i,j ^ y. 
Hence, the couplings ( I40p can be written for Dp-brane as 



^Ipja Xt I 2ipi-^mi-apj,a'^ ao (p + 1 ) ! ' ' '"f •''^ 



(45) 



which are equivalent to the couplings ( |2711 using on-shell conditions. These are the couplings 
in the second line of (El). 
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It has been speculated in [6] that the non-constant dilaton appears in the string frame 
D-brane action in the same way that the constant dilaton appears in the action, e.g., the 
non-constant dilaton appears only through the overall factor of e"*^ in the string frame DBI 
action. This proposal has been verified for DBI action by explicit calculation at order a'^ 
in [6]. We now check the proposal for the couplings that we have found. According to this 
proposal the dilaton appears only through the string frame metric in fH5l) . In other words, 
the dilaton couplings in the Einstein frame should be given by transforming the string frame 
couplings PSI) to the Einstein frame, i.e., replacing h^^ — )■ (j)r]^y/2. This replacement gives 
7^"ao*^' ^ 0, 7^^a"^' ^ (??'^'0,a" + r/a'^0'^J)/4 and n\^^ [r]'^(t),k' + {Vk' - 2)0'^^]/4. Using the 
on-shell condition that Fa^-.-api^ = —Fa^-.-apa^ = 0, one finds the following dilaton coupling: 

- Tljl^ [ d^+^x e'^^ -'^-Fif , > (46) 

2(p+ 1)! J ao-apj,i'r \ J 

which is exactly the coupling f l3T|) . Note that if one uses the replacement h^y (j)rj^y/2 in 
the couplings fl27|) which is consistent with S-matrix but not with T-duality, one would not 
find the correct dilaton coupling in the Einstein frame. 

Having fixed the on-shell ambiguity of the last term in f l27|) by requiring the consistency 
with linear T-duality, we now fix the on-shell ambiguity of the last term in f|T9|l by requiring 
that the T-duality along a transverse direction of the equation fHS]) should produce the 
F^P^H couplings. Reversing the steps to find the first term in fH^ . one finds the first term 
in ( IT9|) . To find the T-dual of the last term in fHSl) . we write it as 

- Z^%T / d^+'xe'^'^-''^ (pip+^)_ j^l + Fi^+y,,^*^) (47) 

where the transverse index j does not include y. The T-duality transformation of the first 
term above gives a term which is reproduced by the second term in fH5|) . and the T-duality 
of the second term gives the following terms: 



- / d^-^^xdy ey^^-^^F^'^^'l, - W\,) (48) 



2(p + l)! 

Inspired by these terms, one guesses that there must be the following couplings: 



T 
2p 



y / d'^'x e^-^^Fl^l^, - (49) 



This fixes the on-shell ambiguity in the second term in fll9p . Hence, the couplings which are 
consistent with the S-matrix element and with the linear T-duality are those that appear 
in the first line of (E])- 

Now we consider the transformation of the couplings f l45p under linear T-duality trans- 
formations along a world volume direction. From the contraction with the world volume 
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form, one of the indices of the RR field strength or the index of the curvature in (H5|) must 
include y, and so again there are two cases to consider: First when y appears as an index 
on the RR field strength and second when y is an index in the curvature. In the former 
case, one can easily check that the T-dual couplings are consistent with ( H5ll . In the latter 
case, we write ( H5ll as 

2T, I <P^'x ey^---^ (^4'.tl„.7^%^^■ j (50) 
It transforms under linear T-duality to the following coupling of Dp_i-brane: 

Tv-i I e--"^ (^i^irS,,,,^^^^^-"^) (51) 

Note that after T-duality the transverse indices i,j should be written as i,j which do not 
include y, however, because if*^* is totally antisymmetric we wrote it as H^^K Inspired by 
this couplings, one may guess that the correct form of the coupling for Dp-brane is in fact, 

^ J i 3!(^Tl)! / 

which is the coupling ( l34l) that we have found from the S-matrix element. This is the 
coupling in the last line of (jS]). There is no index in the NSNS field strength in above 
coupling that contracts with the world volume form. So continuing the T-duality along 
a world volume direction, one would find no new term involving This is consistent 

with the S-matrix calculation in the previous section that indicates there is no coupling for 



3.2 Non-linear T-duality 

We have seen in the previous section that the couplings ([5]) are consistent with the linear 
T-duality transformations ( 136|) . However, they are not consistent with nonlinear T-duality 
transformations. In this paper, we would like to study the effect of the second term in 
the T-duality transformation of the RR potential in (1351) . So we consider the following 
T-duality transformations: 

h^y = Bfj_y, B^y = hfj_y, fl = k f^i, , B = B , C^^}.yaj3 ^ ^^[fj.-ua^l3]y (53) 

The reason for choosing only the nonlinear term above is that the consistency of the RR 
potential C with this term makes it to be e^C. To see this, consider the linear coupling of 
the CS action ([2]), i.e., 

Tfc^P+^^ = , f dP+^a:6"°-°^C(P+;,) (54) 

pj p+l)\J ^ ^ 
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The transformation of the above couphng of Dp-brane under T-duahty along a transverse 
direction gives the following coupling for Dp+i-brane: 



Tp+i 



j <F^'xdye^^--^^yC^J>l.,^_^Ba,y (55) 



P 

This dictates that there must be the following coupling: 

/ rfP+^a:e"» -"^CiP-^ ,a = T„ [ C^^-^^ A B (56) 

1^1 / ao---ap_2 ap-iap pi \ j 

which is a standard term in the CS action ([2]). 

We now study the consistency of the couplings in the first line of ([5]) under the T- 
duality transformation ( 1531) . To study the effect of last term in ( l53l) . we have to consider 
the couplings in which the RR field carries no index y. We begin by implementing T-duality 
along a transverse direction of the Dp-brane. The B-fields in the first line of ([5]) are invariant 
under ( 153|) . so these couplings transform under the T-duality to the following couplings for 
Dp+i-brane: 

f r]P+^j.(]yf:<^oai-apy I pip) TT a,i _ \ p(p) (TT i,a _ TT /f-yN 

Let US first consider the second term above. The transformation of the RR field strength 
F^Pl^^ under the T-duality ([MD is 

ai---ap f\^a2-apJ ^0-1 

= P-^if-ap_i-Sapy ^C'^a-ai-i-^apj/ai (58) 

where here and in the subsequent identities we have used the fact that the world volume 
indices Oq, Oi, ■ ■ ■ Op are contracted with the totally antisymmetric world volume tensor. In- 
serting this in the second term in flFTI) . one finds that there must be the following couplings: 



J J LL xayt I 2!(|) _ 1)1 "^■■■"p-i 3!(j9 _ 2)! ^^■■■"''"^ 

x(if,„,^''^-iJ,,/'^) (59) 



The terms in the bracket in the first line is 

(^(5 A F(-^)).,..„^,, + j-^^ {H A C(-^)).,...,,, (60) 

Hence, the couplings fl59|) are given by the second term in ([5]) in which the RR field strength 

is m. 
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The transformation of the RR field strength Fj^al-ap the first term of (J57l) is 

pip) _ /^(p-i) _ _ 1 

= {v-l)FtX-.Bapy + {-ir'F^l-lB,y (61) 

"•"l -"-J 2 ^ia2---ap-2 '^p-i'^pV ' ^)^a2-ap-i^apyi 

Inserting this in equation ( 157|1 . one finds that there must be the following new terms: 



2! 



f fjP+^^fj., f^oai -apap+i TT a,i ( ^ R i I p(p-l) D. 



Consider the following identities: 

-(B AF^P'^'^)- = i B F^P-^^ i B F^-^'^^ 

p]/- )ia2-ap+i _ ^y^^i<i2-^ a3---ap+i 2! _ 2) ! 

The sum of the above terms gives exactly the terms in the bracket in f p^ . Hence the new 
terms (162!) are given by the coupling in the first term of ([5]) in which the RR field strength 
is given by (Q. 

Now consider T-duality of the couplings in the first line of ([5]) along a world volume 
direction. From the contraction with the world volume form, one of the indices oq, ai of the 
NSNS field strength must include y. Note that the RR field has no y index in the nonlinear 
T-duality transformation (!53l) . The T-duality on the B-field is the same as in the previous 
section, so the couplings transform under the T-duality to the following couplings for 
Dp-i-brane: 



The transformation of the RR field strengths are given by ( !6TI) and ( l58|) . However, the 
y coordinate is now a transverse coordinate, so unlike the previous case the new terms 
inspired by the above couplings can not be written asBAF + HAC. This indicates that 
there must be some other contributions as well. The other contributions are coming from 
the T-duality transformation of the couplings in the second line of (|5]) along a transverse 
direction. The transformation of these terms under (l53l) gives the following couplings for 
Dp+i-brane: 
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The new couplings inspired by the couphngs (16^ and (165|) should be given by the couplings 
in the second line of ([5]) in which the RR field strength is ([6]). 

Similarly, the T-duality of the couplings in the second line of (E]) along a world volume 
direction is given by the following coupling for Dp_i-brane: 

T,_i J d%6---^ (^±.Ft:[Xj,aH'''''') (66) 

and the T-duality of the coupling in the last line of (E]) along a transverse direction is given 
by the following coupling for Dp+i-brane: 

J d'^'^dy (5!(^TT)! ^---^^-^-^ ^^^^ 

The new couplings inspired by the couplings (jHS]) and flB7|) should be given by the couplings 
in the last line of (|5]) in which the RR field strength is (Q. Let us check this case explicitly. 

Shifting p — )■ p + 1 in f lBB]) . one can write this equation as 

T f (]P+^xe'^°"'"-P I ^ p(P+3) TTiyj,a\ /^o\ 

pj l2!(p+l)! J ^ ' 

The transformation of the RR field strength F-^^^l^j under ( 155]) is 

p(P+3) ^ o/=y(p+2) _ I 1 ^/=<(P+2) 
iao---apj ^aiyapj,i \P ' )^iai---apj,ao 

_ 9 p(P+2) r> _ _|_ 1 ^ p(P+2) f> 

-2f»+ 1)C^^+^^ if . + r7(P+i) ff. . I + ^) (g(P+l) o- /^n^ 

Zl^/; -t- ±;UQ,|j...„^_^j-Oapyj -t- C/„jj...Q,^-Ojyj -t- ^ "-^ao - ap-aJj-^apS/ap-i I'J^J 

Inserting this in equation f l68|) . one finds that there should be the following new terms: 

J d^^'- - ^Ft:X-..B^.^ (70) 

^ o- _| ^ /^(p+1) CJ J fi(P+'^) TT 1 TTikj,a] 

2\p\ "■^'""■P-^^ 3!(p+ 1)1 «0-ap-'-'i''=«"^ 2!2!(p- "0-ap-2ji-'-'ap-iapfcJ,a-'-' I 

Checking the indices, one realizes that the above terms are not given by the last term of 
(|5]) in which F is replaced by ([6]). Now shifting p — )■ p — 1 in equation fl67j) . one can write 
it as 

T, J d^xdy e'^^-p-^y (^^ir.'t,,^^^'^''^) (71) 
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The transformation of the RR field strength Fjf^^lp_j^jk under (J53l) is 

iao---ap-ijk ao---ap-ijk,i P^iai---ap—ijk,ao 

_ q p{P+2) ^^ , ^ p(P+2) r 

~T~'^P^ ao---ap-2jk^ap-iyi ao---ap-ij^kyi "T ^ ^ iai---ap-3aojk^ap-2ap-iy 



Inserting this in equation (j7T|) . one finds that the first , third and fourth terms above are 
reproduced by the new couphngs fITOl) when one chooses = ?/ in f lTOl) . The other two 
terms led us to guess that there should be the following new terms: 



(72) 



/^(P+l) rr 1 TTikj,a 



3!3!(p — 2)! '^0---a.p-3ijk "-p-iO-p-lO-pUO- 



One can easily check that the new couplings ( !70|) and (!72|) are reproduced by the last term 
in ([5D in which the RR field strength is given by 5 A + H A C^p+'^\ 

Now consider the new couplings in (|5]) which have one RR and two NSNS states. If one 
implements the T-duality on these terms and use the nonlinear T-duality transformations 
(!53|) . one should find new terms which are given by ([5]) in which the RR field strength is 
given by the terms in the second line of ([6]). Let us check this for the second term in (l5l) 
which is simple to analyze. Implementing the T-duality along a transverse direction, one 
finds the following couplings for Dp+i-brane: 

T r 

__p+l JP+l^^„, M - apy( TT i,a _ TT i,j 



2 



J dP+^xdy e-' -^^y{H,J'- - H^,/'^) (73) 
I B F^P-^) + - H B I 

2\{p - 2)1 "l^^-^^a-ap ^ 31(^p _ ^y '^aia2a3'^a4 - ap-i'^apy j 

where the T-duality of the RR field strength is given in f l^ . Inspired by the above equation, 
one guesses that there must be the following couplings: 

_Zp±i [ cP+^Tdve'''^"'"-pyiH ^'-J'n ^- B F^^"^) B 

2 y u xuyt l-'-'aoa -'-'aoj M 2!2!2! (p — 3) ! ^^"^ ^^■""p"^ ''"''"''^ 



1 



J B C^P-^) H A H /7(p-4) B 

2!2!3!(p — 4)! ^^"^ ''"^'^^"^ 2\2\d,\{p — A)\ ^^"'^'^ ^^"'^^'^ I 

Shifting p + 1 p, one finds that the above couplings are exactly given by the second 
term in ([5]) in which the RR field strength is given by the second line of ([6]) . This ends our 
illustration of the consistency between the couplings and the T-duality. 



17 



We have seen that the consistency with a particular term of the nonhnear T-duahty 
guides us to write the RR field strength in ([5]) as J-" = dC. The resulting couplings however 
are consistent with all nonlinear terms of the RR potential. In fact the nonlinear T-duality 
transformation (l35l) for the RR potential can be written as [20] 

^{n) ^ nin-l) Mn) ^ Mn+1) /-^.n 

fj,---uay fi-ua ' fi---ual3 fj,---ual3y \' J 

The calculations in section 3.1 then show that the couplings ([5]) with the RR field strength 
T = dC are consistent with the full nonlinear T-duality transformation for the RR field. It 
would be interesting to confirm the couplings of one RR and two NSNS fields in ([5]) by the 
disk level scattering amplitude. 
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